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A theory for the construction of replicating superfigures is presented. 
A plane set is called replicating of order k (for short rep-k), if it can be 
dissected in k replicas, each congruent to each other and similar to the 
original [5]. In [3,4], examples-called replicating supertigures-are given 
of rep-k sets, whose boundaries are nowhere differentiable curves. A more 
characteristic property of these sets is that their interior is non-empty but 
that their boundary has a Hausdorff dimension strictly between 1 and 2. 
Following [6] we call these sets replicating fractiles. (Not to be confused 
with replicating fractals, as, for example, the von Koch curve, and the 
Cantor sets in [5].) In this article we describe a general procedure for 
obtaining such sets. 
Let G be the free group on two generators (I and b. We consider G as the 
quotient set of the free semigroup S* generated by S := {a, b, a - *, b - ’ } by 
the equivalence relation - , defined by W - V iff W and V determine, after 
cancellation, the same word, called reduced word. 
Let f: G + R * be a homomorphism, i.e., f is determined by f(a), f(b) and 
the relations 
f(W-‘)=-f(W),f(VW)=f(V)+f(M3 for V, WEG. 
Givenf, we define a map K, which assigns polygonal curves in the plane to 
reduced words by mapping s E S to the linesegment from (0,O) to j+(s), i.e., 
K[s] = @f(s): 0 < a < 1 ), 
315 
0097.3165/82/03031546302.00/0 
Copyright 0 I982 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
316 F. M. DEKKING 
and by mapping s, a.. s, E G to the polygon with vertices (0.0). 
f(s,) ,..., ffs, . ..sJ. i.e., 
0, -.. s,] = () (K[si] -I- f(s, **’ Si- 1)) 
i= I 
for any reduced word s, . .. s, . (Notation: A + z = (u: u = a + z, a E A } for 
A c RZ, z E IF?‘.) 
We further consider endomorphisms 8 of G, i.e., 8 is determined by e(a), 
B(b) and the relations 
e(w-‘) = (e(w))-‘, e(vw) = e(v) e(w) 
for V, WE G and VW a reduced word. 
The nth iteration 0” of I3 is defined by 
81 = e, en+ys) = e(ens), n = 1, 2 ,...; s = a, b. 
The matrix of an endomorphism 0 of G is the 2 x 2 matrix M, = (mi,j) 
defined by 
mij = ith component of p(8s,j), 
where s , :=a, sz:= b, and p: G-t RZ is the homomorphism given by 
p(a) = (1, 0), p(b) = (0, 1). We shall often not distinguish between a matrix 
and the linear map it determines. 
We say that an endomorphism 6’ has short range cancellations if for any 
reduced word stu, cancellation does not erase all letters of any of the 
subwords 0(s), B(t) and e(u) in B(w) E S*. 
Finally we recall that compact sets A and B have distance smaller than E 
in the Hausdorff metric iff 
AcB, and BcA,, 
whereA,={z:d(z,A)<e}andd(z,A)=inf(jlz-aJI:aEA}. 
THEOREM. Let 0 be an endomorphism of G, such that 
(1) 0 has short range cancellations, 
(2) IdetM,I > 1, 
(3) there is a non-singular T = (tij), such that M, = T-‘LT, where L 
is a rotation followed by a scalar multiplication, 
(4) the curves K[Ba], K[Qb], K[B(ab)] and K[e(b-‘a)] are 
doublepointfree, and K[tIa] does not intersect K[Ba] + f (8b), nor does 
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K[Bb] intersect K[Bb] + f(&z), where the homomorphism f: G -+ If?’ is 
defined by ./la) = (t,, , t,,), f(b) = (f2,, t,,). 
Then 
L-“K[B”(aba-lb-‘)] + K, as n+cc 
in the Hausdorff metric, where K, is a curve bounding a parallelogram or a 
connected, rep-l det Me ( fractile Fe. 
Outline of the proof: (i) Let K, :=L-“K[B”(aba-lb-‘)]. By 
[I, Theorem 2.4, Remark 2.121, (I), (2) and (3) imply that the K, converge 
to a compact set K, which is a curve. 
(ii) Since 0 is an endomorphism, the set K[Bs-‘1 is congruent to 
K[Bs] for s = a, 6. 
(iii) Property (4) and (ii) imply that 19” satisfies (4) for all n, and 
hence that K, is doublepoint-free. By Jordan’s theorem, F, is well defined as 
the limit of the sets bounded by K, (K, may have doublepoints). 
(iv) From (ii) follows that the set bounded by K[B(aba-’ b-‘)] has 
area J det Me 1; hence it is tiled by 1 det MeI unit squares. Passing to the limit 
shows that F, is tiled by /det M,( sets congruent to L -‘F,. Hence F, is rep- 
(det IV,/. 
(v) The dimension of K, can be computed by generalizing the theory 
of [2, Chap. III, Section l] from the grids {(k2-“, 12-“): k, I E L ) (n > 0) to 
the grids (L -“(k, Z): k, 1 E L } (n > 0). If no cancellation occurs in 
f?“(aba-‘6-l) for all n > 1, then it follows using (4), that dim K, = 2 log A/ 
1og)det M,], where A is the largest eigenvalue of the matrix N, = (ni,j) defined 
by nii = number of si or s; ’ in B(sj), with s, := Q, sz:= b. If cancellation 
occurs, the problem is more complicated (cf. 11, Ex.4.41). 1 
COROLLARY 1. For any k > 2 there exists a connected rep-k fractile. 
Proof: For k = 2, 3, 4 see the examples and Remark 3. For k > 4 let 0 be 
defined by B(a) = ubk-‘u, 8(b) = ba-‘b. (Notation: sm = ss ... s, m times.) 
Then 0 satisfies all the conditions of the theorem (with f(a) = (1, 0), 
f(b) = (0, [k - 41 -I’*), and K, bounds a rep-k fractile with dim 
K, = log(k + 4[k - 41 “*)/log(k). I 
COROLLARY 2 (Generalizing a Result of 141). For every integer k # 4, 9, 
k =p2 + q2, where p and q are not both odd, there exists a connected rep-k 
fractile, replicating with fourfold polar symmetry. 
ProoJ Let q > 0. We may assume p = 2r is even. Define 0 by 
e(a) = urbqur, 8(b) = b’apqb’. Then 8 satisfies the conditions of the theorem, 
and K[B(aba-‘b-l)] is tiled by squares in a fourfold symmetrical way. By 
582aj32i3 2 
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continuity, F, replicates with fourfold polar symmetry. Here dim K, = 
log@ + q)‘/log(p2 t q2). If q = 0 and p = 2r (r > I), we take 6’ defined by 
e(a) = Pbab-%bd-1, e(b) = br - 1, -I~a2~a-l~‘-l; 
ifq=O andp=2rt 1 (r> l), we take Bdefined by 
e(a) = a *-‘hub-‘ub-‘abd-‘, 6’(b) = b’- ‘a -‘bababa-lb’-‘. 
In both cases F, is a rep-p2 fractile, replicating with fourfold polar symmetry 
(dim K, = log@ t 4)/logp). I 
Remarks. (1) All fractiles in the corollaries are connected in the strong 
sense that K, is doublepoint-free. Taking r = 1 at the end of the proof of 
Corollary 2 yields a connected rep-9 fractile, the boundary of which has 
infinitely many doublepoints. 
(2) When is F, a parallelogram, and when is it a fractile? If e(a) = up, 
8(b) = bp for some p > 1, then F, is obviously a square. A less trivial 
example where F, is a parallelogram is obtained by taking 8 defined by 
f?(a) = aba-3b-‘u-‘, B(b) = aba -‘bab. 
(3) If 0,~ satisfy the conditions of the theorem, generating rep-k and 
rep-l fractiles, then @ satisfies the conditions of the theorem, and generates a 
rep-kl fractile or parallelogram. 
(4) Our theorem can be generalized in many ways, cf., e.g., Remark 1, 
and Example 2. 
FIG. 2. Successive approximants to the ‘rep-3 fractile generated by the endomorphism 
given by a + abu, b -+ a-lb. 
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EXAMPLES. (1) [3, Fig. 1.1 The simplest endomorphism 0 satisfying the 
conditions of the theorem is given by 
e(a) = ab, 8(b) = a-lb. 
Here F, is a rep-2 fractile, whose boundary has dimension log A/log 2, where 
A is the unique positive root of A3 - A* - 2 = 0 (cf. [ 1, Ex. 4.41). 
(2) Consider 0 defined by 
B(a) = uba, 6(b) = a - ‘b. 
Then 8 satisfies the conditions of the theorem, with f(u) = (1, 0), 
f(b) = (4, f A and L with I,, = l,, = 3, I*2 = -I,, = + d3. The 
corresponding F, is a rep-3 fractile with dim K, = log 4/lag 3. 
It is interesting to note that cancellation in e(s) 0(t) E S*, where st is a 
reduced word, only takes place if st = ub or (ub))‘. Consider the following 
change of symbols . 
A ++ ub, -1 Bea, C H b-l. 
Then 6’ induces an endomorphism 4 of the free group H on A, B, C: 
#(A) = AC-‘, 4(B) = BA-‘, g(C) = CB-‘. 
If we define g: H + R* by g(A) =f(ub), g(B) = - f(u) and g(C) = -f(b), 
and Kg[ . ] is the corresponding map, associating polygonal curves to 
reduced words of H, then 
L -“K”(ABC)] + F, as n-co, 
where L and F, are as above. We see from this that F, is none other than 
the rep-3 figure defined in [3, Fig. lo], and that F, replicates with threefold 
polar symmetry. 
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